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Abstract
We consider the dynamical properties of simple edge states in integer (ν = 1)
and fractional (ν = 1/2m + 1) quantum Hall (QH) liquids. The influence of
a time-dependent local perturbation on the ground state is investigated. It
is shown that the orthogonality catastrophe occurs for the initial and final
state overlap | < i|f > | ∼ L−
1
2ν
( δ
pi
)2 with the phase shift δ. The transition
probability for the x-ray problem is also found with the index, dependent on
ν. Optical experiments that measure the x-ray response of the QH edge are
discussed. We also consider electrons tunneling from one dimensional Fermi
liquid into a QH fluid. For any filling fraction the tunneling from a Fermi
liquid to the QH edge is suppressed at low temperatures and we find the
nonlinear I − V characteristics I ∼ V 1/ν .
The quantum Hall (QH) liquid is an incompressible state, where all bulk excitations have
finite energy gaps. As for any incompressible liquid, droplet of water being the simplest
example, the only low energy excitations are surface modes. Upon quantizing these surface
modes one arrives at the picture of the simple propagating excitations on the surface of the
droplet. For the two dimensional QH liquid these excitations represent the extended gapless
1
edge excitations [1,2]. As was shown by Halperin, edge excitations in the integer QH (IQH)
systems are described by a chiral 1D Fermi liquid theory [1]. Similarly, Wen showed that in
the fractional QH (FQH) state the edge excitations are described by a chiral Luttinger liquid
theory [2]. Within last few years the transport in the chiral Luttinger liquid was investigated
in great detail, see for example [2,3]. We argue that the time dependent phenomena in this
system deserve a separate detailed investigation as well.
In this article few dynamical phenomena in the QH edge state will be addressed. The sim-
plest question reflecting the nontrivial dynamics of QH state is the orthogonality catastrophe
[4]. We calculate the response of the QH edge states to local time-dependent perturbations.
And show that, for the case of sufficiently fast switching on of a perturbation potential or
slow switching off, the orthogonality catastrophe takes place. We find that the filling factor
ν enters into nontrivial exponents as well as in the phase shift δ = −νV0/(2v), where V0
is the local potential, and v is the velocity of the edge mode (in 1D the density of states
N0 = 1/v). In the case of the x-ray problem the transition rate is given by a power law of
the frequency near the threshold W (ω) ∼ (ω+E0)
γ with power γ = (1− δ/π)2/ν−1, where
E0 is the deep core hole energy.
We also consider the tunneling via a point contact of the electron from the metal into
the QH edge. The strongly correlated nature of the QH liquid with the composite boson
order parameter, representing binding of the flux with the fermions makes the excitations
in the QH states sufficiently different from the quasiparticles in a Fermi liquid. This results
in the suppression of the tunneling conductance at low temperature, bias voltage or driving
frequency. We find I ∼ V 2/ν+1 for the tunneling characteristics.
The orthogonality catastrophe and x-ray singularity were previously considered for an-
other 1-D system: The Luttinger liquid [5]. There are qualitative differences between the
Luttinger liquid and the QH edge response to the x-ray transition. Firstly, the backscatter-
ing, important for the x-ray response of a Luttinger liquid, is not present in the QH system
due to chiral nature of the state ( we do not consider the role of disorder and the transition
between opposite edges). Secondly, the presence of the fractionally charged quasiparticles
in the QH liquid leads to the “fractionalization” of the phase shift with ν entering into
all relevant exponents in the problem. Although natural for the QH state, this nontrivial
dependence on the filling fraction (i.e. fractional statistics and fractional charge) can not be
observed in the conventional Luttinger liquid.
We consider fractional states at odd integer ν−1. In this case the edge state is known to
be a single channel chiral Luttinger liquid [2] and the approach, used in [2,3], will be used.
Local time-dependent perturbation. The Hamiltonian of the edge waves is given by [2]
H =
∫
dx
π
ν
ρ2v =
2π
ν
v
∑
k>0
ρkρ−k (1)
where ρ is the one dimensional density, v = cE/B is the velocity of electron drift near the
edge, E is the electric field of the potential well, B is the magnetic field. The Hamiltonian
Eq.(1) is quantized in terms of the U(1) Kac-Moody algebra [2] and we have
[ρk, ρk′] =
ν
2π
kδk+k′,0 [H, ρk] = vkρk (2)
A similar algebra (with change ν → L) is known in the Tomonaga model [6]. The electron
operator is written in terms of the field ϕ as Ψ ∝ exp iϕ/ν with the commutator
[ϕ(x), ϕ(y)] = iπνsign(y − x) (3)
The density operator ρ(x) is equal to ρ(x) = ∂xϕ/(2π). The action in terms of the chiral
boson field ϕ is
S =
1
4πν
∂xϕ(∂tϕ+ v∂xϕ) (4)
The interaction of the system with an external time-dependent perturbation may be written
in the form
Hint =
∫
dxV (x, t)ρ(x, t) (5)
Consider the following expressions for V (x, t), for different time dependence of the potential
(spatial from of V (x) remains the same for all cases):
V (x, t) = V0θ(t)(1− exp(−t/τ ))δ(x) (6)
V (x, t) = V0θ(t) exp(−t/τ )δ(x) (7)
V (x, t) = V0θ(t) exp(iΩt− ǫt)(1− exp(−t/τ ))δ(x), ǫ→ +0 (8)
In all cases the potential is nonzero only for positive times due to step function in Eqs.(6-8)
and there is no violation of causality.
The matrix element between initial |i > and final |f >= Tt exp[i
∫ t
0
Hintdt]|i > states in
the limit t→∞ is given by the following:
< f |i >=
∫
Dϕ exp[i
∫
dxdt(S + V (x, t)ρ(x, t))]∫
Dϕ exp[i
∫
dxdtS]
. (9)
The integration in Eq.(9) is trivial and we have as a result
| < f |i > | =
[
1 + (L/2πτv)2
1 + (1/p0τv)2
]− 1
4ν
δ2
pi2
, (10)
for the switching on the potential, Eq. (6), and
| < f |i > | =
[
1 + (p0τv)
2
1 + (2πτv/L)2
]− 1
4ν
δ2
pi2
, δ = −
νV0
2v
(11)
for switching off the potential, Eq.(7), where L is the system length and p0 is the ultraviolet
momentum cut off (of the order of the inverse magnetic length).
In the case of slow switching off (τv ≫ L) the potential or fast switching on (τv ≪ L)
we have,
| < f |i > | ∝ L−
1
2ν
δ2
pi2 . (12)
The time dependence of the matrix element at time t ≫ τ for the potential (6) is easily
found:
| < f(t)|i(0) > | ∝ t−
1
ν
δ2
pi2 , (13)
These results are exact in the infrared limit of the QHE for which the effective Hamiltonian
Eq.(4) was derived.
In the case of the periodic potential Eq.(8) | < f |i > | ∝ exp−Ω/ǫ → 0, for Ω/v < p0
and
| < f |i > | ∝ e−
1
2ν
δ2
pi2
X (14)
for Ω > p0v, where X = 2 log c+ 2(1− c)/c in the limit Ωτ ≪ 1, X =
(c−1)2(c+2)
3c2(Ωτ)2
if Ωτ ≫ 1,
and c = 1− p0v/Ω.
The edge states support the nondecaying “particle-hole” pair - the edge wave. This
propagating mode with χ”(q, ω) ∝ δ(ω − vk) (χ(q, ω) being the density-density correlator)
is sufficient to generate the orthogonality in 1D. This would not be the case in higher
dimensions, where the existence of the particle-hole continuum, e.g. χ”(q, ω) ∝ (ω/vq)Θ(ω−
vq), with large phase space is required to get orthogonality catastrophe.
Note also that our result Eq.(12) does not reproduce the Fermi liquid result at ν = 1.
This is the consequence of the chiral nature of the excitations even at ν = 1. To recover
the Fermi liquid result, consider the edge of the Fermi liquid state (if one with only edge
gapless excitations would exist) as the product of two chiral Slater determinants, each one
corresponding to the right and left moving particles. Then Eq.(10) at ν = 1 represents the
response of the chiral branch of the Fermi liquid. To get the full answer for the total overlap
one has to multiply < f |i >L< f |i >R=< f |i >
2 and one recovers the standard Fermi liquid
result by taking square of the Eq(12) for ν = 1.
Next, we calculate the transition probability for the x-ray problem. Because of the
gapped spectrum in the bulk of QH fluid the only gapless excitations to contribute to the
x-ray response near frequency threshold are edge excitations. Imagine the x-ray process,
creating the deep hole near the edge in a QH sample. Creation of the hole at energy E0 will
lead to the Coulomb potential of the hole and to injection of an electron into the edge of the
sample. As is common for the x-ray problem, the response of the edge states will contain
two contributions: the orthogonality of the initial and final state Eq(10) and the distortion
of the ground state due to the extra electron. Following the classical paper of Schotte and
Schotte [7], we first calculate the propagator:
F (t) =< i|ei
∫ tHidtΨe−i
∫ tHfdtΨ†|i > (15)
with Hi being the unperturbed Hamiltonian Eq(1), Hf = Hi+Hint is the final state Hamil-
tonian, and Ψ is the QH liquid electron operator. We assume here that the deep core hole
was created in the absorption and is localized. For the case of scatterer in the valence band
recoil effects will change our results. Recoil also can be addressed within this bosonization
scheme. Using the bosonic algebra we find
F (t) ∼ t−
1
ν
(1− δ
pi
)2 . (16)
From this result the transition probability near the frequency edge W (ω) ∼
Im i/π
∫∞
0
F (t)ei(ω+E0)dt becomes:
W (ω) ∼ (ω + E0)
1
ν
(1− δ
pi
)2−1. (17)
In the absence of perturbation V a similar formula was obtained for the electron density
of states [8] N(ω) ∝
∫
dk
∑
n | < n|Ψk|0 > |
2δ(ω − ωn) ∝ ω
−1+1/ν . The result depends
on the potential whose phase shift δ can be either positive or negative. One interesting
outcome of this result is that even for fractional QH state the transition probability near the
threshold will behave differently for attractive and repulsive interactions. Take for example
the unitary phase shift δ = ±π/2 for attractive and repulsive interaction respectively. Then
W (ω) ∼ ω1/(4ν)−1 (attraction); W (ω) ∼ ω9/(4ν)−1 (repulsion). And we find even for the
ν = 1/3 state that an attractive potential leads to an enhanced transition rate near the
threshold: W (ω) ∼ ω−1/4.
To be able to measure the x-ray response of the QH edge, one has to excite a deep hole
in the valence-conduction band transition in a semiconductor (with typical bandwidth of
the order of 1 eV) and be able to tune the laser to within cyclotron frequency (1-5 meV)
to excite only the lowest Landau level and avoid any interlevel excitations. Although the
gapped excitations might be excited in this process, near the threshold frequency, only the
soft gapless edge excitations provide the dominant contribution. In the most interesting case
of the FQH edge the gaps will be given by the many-body gaps and are somewhat smaller,
although of the same magnitude.
There is one interesting aspect of the orthogonality catastrophe in the fractional QH
state which makes this problem qualitatively different from the similar problem in a Fermi
liquid. In principle on can imagine the “decay” of the electron, injected into the edge, on to
fractionally charged quasiparticles, which will provide an extra source of the orthogonaliza-
tion. However, the simple edge model, used here, does not allow us to address this question.
Indeed, in the simple edge model the velocity of the charge on the edge is independent of the
charge and therefore the electron will propagate along the edge as a wave packet, which can
be considered as made from the quasiparticles. It is only the inclusion of the nonlinear terms
and interaction between quasiparticles that might induce the decay of the wave packet.
We can consider the motion of the extra electron taking into account the perturbation
potential Hint. The matrix element of decay of the electron into 1/ν quasiparticles at points
xi at time t has the form,
F˜ (t) =< i|
1/ν∏
j
eiϕ(xj ,t)ei
∫ tHintdte−iϕ(0,0)|i >∝
(vt)
1
ν
δ
pi
(1− δ
pi
) 1∏1/ν
j (xj − vt)
1−δ/pix
δ/pi
j
. (18)
We see that the function F˜ (t) has two maxima : at point xj = 0 and xj = vt. These
two peaks have a simple physical origin, the first one near x = 0 comes from the screening
electron density, induced by the attractive hole potential, while the second one is coming
form the propagating mode which moves the electron density along the edge with velocity
v. For the case of a strong potential (δ = π/2) the probabilities to find the quasiparticles
at these points are equal to (vtp0)
−1/(2ν). Therefore, we assume that the average values of
the electric charge at x = 0 and at x = vt are the same and equal to e/2. Due to the
orthogonality catastrophe the matrix element F˜ (t) → 0 and this effect may be observable
only for vt < p−10 .
Tunneling from metal into QH edge. Next we consider a tunnel junction or point contact
between a 1D Fermi liquid and a QH system. Experimentally this situation can be realized
by attaching the contact to the edge of the Hall bar.
The Euclidean action of the QH states in terms of a chiral boson field ϕ follows from
Eq. (4) with the substitution t → iτ . The noninteracting Fermi liquid can be considered
as a superposition of two chiral Fermi liquids (which are described by the action Eq.(4) at
ν = 1) with opposite Fermi velocities. The corresponding actions differ by the sign of the
i∂τϕ term:
SF = Sν=1(ΨL) + Sν=1(ΨR). (19)
The tunneling Hamiltonian has the form
HTUN = (t1ΨRΨ
† + t2ΨLΨ
†)δ(x) + h.c. (20)
Where ΨL,R are the Fermi liquid left(right) electron operators, Ψ is the electron operator in
QH liquid. We do not take into account the spin of the electrons, as we consider only states
with spins parallel to the magnetic field B. The opposite spin component can tunnel in
the presence of the spin scattering in the contact. Inclusion of this term will simply modify
HTUN .
In terms of corresponding boson fields ϕL(x, τ), ϕR(x, τ), ϕ(x, τ) (ΨR,L ∝ exp±iϕR,L)
we have for the tunneling Hamiltonian
HTUN = t1 cos(ϕR(0, τ)− ϕ(0, τ)/ν) +
t2 cos(ϕL(0, τ) + ϕ(0, τ)/ν). (21)
Since the perturbation terms act at the one point x = 0 it is useful to perform a partial
trace in the partition function and integrate in ϕ, ϕR, ϕL for all x 6= 0. If we define ϕ(0, τ) =
ϕ(τ), ϕR,L(0, τ) = ϕR,L(τ) then the actions SFQH, SR,L are minimized when
ϕ(x, ωn) = ϕ(ωn), sign(ωnx) ≤ 0;
= ϕ(ωn) exp (−ωnx), sign(ωnx) > 0 (22)
and similar expressions for ϕR, ϕL. The resulting action is
Seff =
1
4π
[
1
ν
∑
n
|ωn||ϕ(ωn)|
2 +
∑
n
|ωn||ϕR(ωn)|
2 +
∑
n
|ωn||ϕL(ωn)|
2] (23)
In the lowest order perturbation expansion we obtain the renormalization group (RG)
equations for t1, t2 upon rescaling τ → lτ
∂t1,2
∂ ln l
= t1,2/2(1− ν
−1). (24)
Both t1 and t2 terms flow to zero, indicating that at low energies the junction is insulating.
Note that we consider only simple edge states with ν ≤ 1. This result can be interpreted as
the reflection of the zero overlap between the ground state quasiparticles in the QH liquid
with the Fermi liquid quasiparticles, excluding ν = 1 case, where tunneling is not suppressed.
If we cut off the RG flow at some infrared energy scale Λ (corresponding to temperature
T , voltage V or frequency ), we obtain
t1,2 ∝ Λ
1/2(ν−1−1) (25)
For ν ≤ 1 the conductance of the contact is defined by the largest of t1,2 for small Λ. In this
case the conductance of the junction is:
G ∼ t2i ∼ V
ν−1−1 (26)
Therefore we find the power law I − V characteristics, I ∼ V ν
−1
. The nonlinearity in the
I − V characteristic is quite strong and, for example, for ν = 1/3 we find I ∼ V 3, which
might be detectable experimentally.
In conclusion, we investigated the influence of time-dependent local perturbations on
the ground state of the FQHE state and have calculated the matrix element between the
initial and the final (t → ∞) states. In the limit of sufficiently slow switching off the
potential or fast switching on the orthogonality catastrophe occurs. The x-ray problem
on the edge of the FQHE state, where the existence of the gapless excitations changes
the response near singularity, is solved. The transition probability for the absorption is
W (ω) ∼ ω
1
ν
(1− δ
pi
)2−1. We find that in these problems the phase shift is “fractionalized”
δ = −νV0
2v
with filling fraction ν entering into all relevant exponents. We find that for the
ν = 1/3 fractional QH state the transition probability is enhanced(suppressed) near the
threshold for attractive(repulsive) unitary potential, whereas for any lower filling it will
always be suppressed. This is not the case for the lower filling fractions. For the weak
potential with δ → 0, on the other hand, the transition rate is suppressed for any filling and
for both signs of interaction. This situation is qualitatively different from the case of Fermi
liquid (Eq.(17) with ν = 1), where even in the case of weak potential the sign of the phase
shift matters and the transition rate is suppressed(enhanced) for repulsion(attraction). A
possible experiment, which probe the x-ray response of the edge might be based on the
valence-conduction band transition due to semiconducting laser light absorption, creating
a deep hole and electron near the edge. The absorption coefficient will be proportional to
the probability W (ω) Eq. (17). To maximize the absorption at the edges the sample can
be covered with only the edges being lightened with laser. If the frequency of the transition
is tuned so that gapped bulk excitations are not excited, the dominant response will come
from the excited edge states.
We considered the tunnel junction between FQHE system and 1D Fermi liquid as well.
We find that for any filling ν ≤ 1 the tunneling junction is insulating in the limit T = 0 and
the nonlinear conductance of the junctions leads to the I ∼ V 1/ν tunneling characteristics.
We interpret the insulating behavior of the junction as the result of the orthogonality of the
electron and the quasiparticles in the QH liquid, except the IQHE case.
Investigation of the dynamical response of the QH states might be an interesting experi-
mental field. We propose to measure the nonlinear tunneling conductance from the QH edge
into the metal. If detectable at small bias at low temperature, the I − V characteristics of
such a junction will be strongly nonlinear (I ∼ V 3 for ν = 1/3). The nontrivial dynamics
of the edge states can be probed in the experiments with the x-ray transitions in the region
near the edge. The x-ray transition will be suppressed or enhanced at the threshold, as
described above.
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